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1. Which of the following integrals is an expression for the volume of the region given by the
intersection of the sphere of radius 2 centered at the origin and the sphere of radius 2 centered
at (0, 0, 2)?

A.

∫ 2π

0

∫ π
3

0

∫ 2

0

ρ2 sin(ϕ)dρdϕdθ +

∫ 2π

0

∫ π
2

π
3

∫ 2 cos(ϕ)

0

ρ2 sin(ϕ)dρdϕdθ

B.

∫ 2π

0

∫ π
3

0

∫ 3

0

ρ2 sin(ϕ)dρdϕdθ +

∫ 2π

0

∫ π
2

π
3

∫ 6 cos(ϕ)

0

ρ2 sin(ϕ)dρdϕdθ

C.

∫ 2π

0

∫ π
3

0

∫ 2

0

ρ sin(ϕ)dρdϕdθ +

∫ 2π

0

∫ π
2

π
3

∫ 4 cos(ϕ)

0

ρ sin(ϕ)dρdϕdθ

D.

∫ 2π

0

∫ π
3

0

∫ 2

0

ρ2 sin(ϕ)dρdϕdθ +

∫ 2π

0

∫ π

π
3

∫ 4 cos(ϕ)

0

ρ2 sin(ϕ)dρdϕdθ

E.

∫ 2π

0

∫ π
3

0

∫ 2

0

ρ2 sin(ϕ)dρdϕdθ +

∫ 2π

0

∫ π
2

π
3

∫ 4 cos(ϕ)

0

ρ2 sin(ϕ)dρdϕdθ
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2. Suppose F⃗(x, y, z) is a vector field and g(x, y, z) is a real–valued function. Exactly one of
the expressions below is meaningless. Which one?

A. ∇×
(
∇ · F⃗

)
B. ∇ ·

(
gF⃗

)
C. ∇× (∇g)

D. ∇×
(
∇× F⃗

)
E. ∇ ·

(
∇× F⃗

)

3
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3. Which of the following is an equation for the tangent plane to the cone z2 = x2 + y2 at the
point (3,−4,−5)?

A. 3x− 4y + 5z = 0

B. 3x− 4y + 5z = 50

C. 3x− 4y − 5z = 50

D. 2x+ 2y − 2z = 0

E. 3x− 4y − 5z = 0

4
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4. For what value of c is the function

f(x, y) =


1 + 2xy − cos(xy)

xy
xy ̸= 0

c xy = 0

continuous?

A. Such a c does not exist.

B. 1

C. −1

D. 2

E. 0

5
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5. Find the length of the curve r⃗(t) =

〈
t2

2
, (2t)3/2, 9t+ 1

〉
on the interval 1 ≤ t ≤ 2.

A.
21

2

B.
19

2
C. 20

D. 12

E.
3

2

6
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6. Calculate the flux of F⃗(x, y, z) = e−y⃗i− 2z⃗j+ xyk⃗, across the curved side of the surface

S = {(x, y, z) : z = cos(y), 0 ≤ x ≤ 4, 0 ≤ y ≤ π}

with upward pointing normal.

A. 4π2

B. 2π2

C. 4π2 + 8

D. −16

E. 4π2 − 16

7
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7. Find the maximum value of the function f(x, y) = 3 + x2 + 4y2 subject to the constraint
x2 + 2xy + 4y2 = 12.

A. 27

B. 11

C. 54

D. 8

E. 24

8
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8. The equation xyz + x+ y − z = 0 implicitly defines z = z(x, y). Use implicit differentiation

to find
∂z

∂y
at (x, y) = (3, 1).

A.
5

2

B. −2

5

C. −1

2

D. −3

5

E.
1

5

9
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9. Let f(x, y) = x3 − 3xy + y2. Find and characterize the critical points of f(x, y).

A. (0, 0) and (3
2
, 9
4
) are both saddle points

B. (0, 0) is a saddle point and (3
2
, 9
4
) is a local maximum

C. f(x, y) has no critical points

D. (0, 0) is a saddle point and
(
3
2
, 9
4

)
is a local minimum

E. (0, 0) and (3
2
, 9
4
) are both local minima

10
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10. Find the equation of the line of intersection of the planes 2x− y + 4z = 8 and x− 3z = 1.

A. ⟨x, y, z⟩ = ⟨−12 + t, 4− 2t,−5 + t⟩
B. ⟨x, y, z⟩ = ⟨3 + t, 10− 6t, 1⟩
C. ⟨x, y, z⟩ = ⟨1− 12t,−2 + 4t, 1− 5t⟩
D. ⟨x, y, z⟩ = ⟨1 + 3t,−6 + 10t, t⟩
E. ⟨x, y, z⟩ = ⟨1 + 3t,−2 + 10t, 1 + t⟩

11
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11. Evaluate

∫∫
S

F⃗ · n⃗ dS where F⃗ = ⟨xy,−1
2
y2, z⟩ and the surface S consists of three pieces:


z = 4− 3x2 − 3y2 1 ≤ z ≤ 4 on the top

x2 + y2 = 1 0 ≤ z ≤ 1 on the sides

z = 0 on the bottom

A. 2π

B.
3π

2
C. 0

D. π

E.
5π

2

12
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12. The following integral gives us the volume of which of the following solids:∫ 2π

π

∫ 4

0

√
16− r2 rdrdθ

A. A sphere centered at the origin with radius 4.

B. The intersection of a sphere centered at the origin with radius 4 and the regions
{y ≤ 0} and {z ≥ 0}

C. A cylinder with base centered at the origin of height 1 and base radius 4.

D. The intersection of a sphere centered at the origin with radius 4 and the region
{y ≤ 0}.

E. The intersection of a sphere centered at the origin with radius 4 and the region
{y ≥ 0}.

13
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13. Let F⃗(x, y, z) = cos (y2z3)⃗i−xz8⃗j+ z16k⃗, and let S be the semi-ellipsoid
z

5
=

√
1− x2

4
− y2

9

with upward unit normal. Evaluate

∫∫
S

(
∇× F⃗

)
· n⃗ dS.

A. 1

B. 3

C. 0

D. 4

E. 2

14
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14. Consider the circle C centered at the origin with radius 3. A particle travels once around C,
counterclockwise. It is subject to the force

F⃗(x, y) =
〈
y3, x3 + 3xy2 + 1

〉
.

Use Green’s theorem to find the work done by F⃗.

A.
4π

3

B.
23π

3

C.
3π

4

D.
243π

4

E.
117π

4

15
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15. Find the volume enclosed between the graphs of the functions f(x, y) = x2 + y2 − 1 and
g(x, y) = 1− x2 − y2.

A. 2π

B.
π

2
C. π

D. 0

E.
8π

3

16
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16. Let F⃗(x, y) = ⟨y3+1, 3xy2+1⟩. Consider a straight line path C from (0, 1) to (2, 1). Evaluate∫
C

F⃗ · dr.

A. 18

B. 19

C. 11

D. 16

E. 21

17
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17. Given the force field F⃗(x, y) = ⟨1− y, x⟩, find the work required to move an object along the
ellipse r⃗(t) = ⟨cos(t), 4 sin(t)⟩ from (0, 4) to (−1, 0).

A. 2π − 1

B. 4π

C. 2π − 2

D. 4π − 1

E. 2π

18
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18. Let S be that part of the surface z =
y2

4
which lies over the triangle with vertices (0, 0),

(0, 1), (1, 1) in the xy-plane. Which of the following is the surface area of S?

A.
1

2

B.
53/2 − 8

6

C.
5

2

D.
53/2 − 1

6
E. 1

19
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19. Identify the surface z2 + y2 + 4 = 5x2 + 4z

A. Hyperbolic Paraboloid

B. Hyperboloid of 2 sheets

C. Elliptic Paraboloid

D. Cone

E. Hyperboloid of 1 sheet

20
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20. Find the direction u⃗ of zero change of the function f(x, y) = ex
2−4y2 at the point (x, y) =

(−1, 2).

A. u⃗ =

〈
2√
5
,
−1√
5

〉
B. u⃗ =

〈
4√
17

,
−1√
17

〉
C. u⃗ =

〈
1√
10

,
3√
10

〉
D. u⃗ =

〈
1√
2
,
1√
2

〉
E. u⃗ =

〈
3√
13

,
−2√
13

〉
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