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(15 pts) 1). Let p be a prime number, p > 5, p # 7, and let n be a positive integer. Show that
every group of order 8p™ is solvable.
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2).
(10 pts) a) Define the commutator subgroup |G, G} of a group G. Let H < G be a subgroup.
Prove that H > |G, G] if and only if H is normal in G and G/H is abelian.

(10 pts) b) Let G be a group and A and B normal subgroups of G with G/A and G/B
abelian. Show that AN B is normal in & and G/AN B is abelian.
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(30 pts) 3). Show that :
flx)={(z-1)...(z-n)~1

ig irreducible over Z for all integers n > 1.
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4). Show that the following .polynomia,ls are irreducible:
(10 pts) a) 23 +4 in Q[z].
(10 pts) b) 2° +yz® 4+ y%? + y* +y in Z[z,y], for a positive integer n.
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5). Let R be the ring ' C
R :=Z[z]/(z® + z).

(15 pts) a) Show that R can be written as a product of euclidean domsins. You must verify
that they are euclidean domains.

(5 pts) b) Is R a euclidean domain itself? Justify your answer.
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+ 6. Let F be a field of characteristic p > 0. Fix an element ¢ in F.
(15 pts) a) Prove that f(x) = 2P — ¢ is irreducible in F[:v] if and only if f has no roots in F.

(10 pts) Db) Assume f(z) is irreducible in Flz]. Let K be a splitiing field of f(z) over F.
Determine Aut(K/F'), the group of automorphism of X' fixing F. Is K/F Galois?
Justify your answer.
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7).
(15 pts) a) Show that v/5 ¢ Q(¥/2,w), where w? + w+1 = 0.
(15 pts) b) Determine the Galois group of

flz)=2z" -5z — 222 +10

over Q. (You may assume Gal{Q+/2, w) /Q) ~ S3.}
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8).
(20 pts) a) Show that f(z) = 2* — 222 — 4 is irreducible over Q.

(8 pts) D) Show that @ = v/1+4+/5 is a root of f(z) and let K = Q(a). Determine a Galois
closure L of K over Q. ‘

(6 pts) c¢) Show that +/—1 € L. .
(6 pts) d) Show that L/Q is an extension by radicals. Is it solvable? Justify your answer.
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