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(20 pts) 1. Prove that every group of order 187 is cyclic.
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(25 pts) 2. Let p be a prime number, p ≥ 7, and fix a positive integer m. Show that every group

of order 6pm is solvable.
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(5 pts) 3. a) Give the definition of a euclidean domain.

(25 pts) b) Show that Z[
√
−2] is a euclidean domain. Is Z[

√
−2] a principal ideal domain

(PID)? Prove this. Quoting a theorem is not acceptable.
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4.

(10 pts) a) Let R be a unique factorization domain and consider

f(x, y) = x7 + yx5 + yx3 + 3yx + y ∈ R[x, y].

Show that f(x, y) is irreducible in R[x, y].

(10 pts) b) Let K = F (x7/x5 + x3 + 3x + 1), where F is a field. Determine [F (x):K].
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(30 pts) 5. Let K be the splitting field of g(x) = xp − x − a, over Fp = Z/pZ, where p is a prime

number, and a ∈ Fp, a 6= 0. Show that the Galois group G(K/Fp) is a cyclic group of

order p, generated by the automorphic sending α to α + 1, for every root α of g(x).
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6. Let f(x) = x3 − 2, g(x) = x2 − 2 and h(x) = f(x)g(x) as polynomials over Q.

(10 pts) a) Determine GalQ(f), Galois group of a splitting field of f .

(20 pts) b) Determine all the fields L with Q ⊂ L ⊂ GalQ(f).

(5 pts) c) Determine GalQ(g).

(15 pts) d) Use a), b) and c) to determine GalQ(h).
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7.

(5 pts) a) Define an extension by radicals.

(5 pts) b) Verify that K = Q(
3

√

1 +
√

7) is an extension by radicals.

(10 pts) c) Let α =
3

√

1 +
√

7 and β =
3

√

1 −
√

7. Show that F = Q(α, β, ω) is a Galois closure

of K/Q, where ω2+ω+1 = 0. Moreover show that F/Q is an extension by radicals.

(5 pts) d) Is F/Q solvable? Justify your answer.
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