MA 54400 QUALIFIER EXAM, JANUARY 2020

Each problem is worth 5 points. Make sure that you justify your answers. No
books, notes, or any electronic device, please.

1. Suppose S C R™ is bounded and int S # (). Show that there is an r € (0, 00)
such that S contains some ball B,(x) of radius r, but it contains no ball Br(y) of
radius strictly greater than r.

2. Let us say that a metric space M has the Lindelof property if for any col-
lection G; C M (i € I) of open subsets there is a countable J C I such that
Uies Gi = U;e; Gi- Prove that a metric space that has the Lindelof property must
be separable.

3. Suppose Y C R™ has measure zero, and ¢: R™ — R is continuous at all points
of R™\ Y. Prove that ¢ is measurable.

4. Compute
1 .
lim ksin(z/k)

dzx.

5. Consider nonnegative integrable functions h, h,, (n € N) on a measure space
(Q, A, ). Assuming

n— oo n— oo

lim h, =h almost everywhere and lim hy dy = / hdu,
Q Q

show that limy, o [5 hn dp = [, hdp for all E € A.

6. Let ¢ : R — R be bounded and measurable, and Q(x) = fom q(t)dt for x € R
(Lebesgue integral). Show that for any a < b

"1Q(z + 1) — Q(x)
h

lim
h—0 a

— q(x)‘ dr =0 (Lebesgue integral here, too).

7. In a measure space (2, A, ) consider a bijection r : @ — € such that for
all E € A we have r~Y(E) € A and p(r~Y(E)) = p(E). If f: Q — [—o0,00] is
integrable and f or = —f, prove that fQ fdu=0.
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