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QUALIFYING EXAM FOR MATH 544

Total: 40 points.

1. (10 pts) Let f be a measurable function on Rd that is finite valued
a.e. Given a sequence tfnu

8
n“1, with each fn being a measurable func-

tion on Rd that is finite valued a.e., we say that tfnu
8
n“1 converges to f in measure,

if the following conidtion is satisfied: for any ε ą 0, we have:

lim
nÑ8

m
`

tx P Rd, such that |fpxq ´ fnpxq| ě εu
˘

“ 0

Now show the following. Suppose that f P L1pRdq, and tfnu
8
n“1 a

sequence of functions in L1pRdq such that tfnu
8
n“1 converges to f in

the L1-norm. Then tfnu
8
n“1 converges to f in measure.

2. (8 pts) Let tEnu
8
n“1 be a sequence of measurable sets in Rd, such

that:
8
ÿ

n“1

mpEnq ă 8

Show that mpAq “ 0, where the set A is defined as:

A “ tx P Rd, such that x P En for infinitely many nu

Hint: You may use

A “
8
č

k“1

8
ď

něk

En

3. (14 pts) Prove the Riesz-Fischer theorem for L1pRdq: that L1pRdq

is complete with respect to the L1-norm.

4. (8 pts) Given an example of a sequence of functions tfnu
8
n“1 in

L1pRq, such that
lim
nÑ8

fnpxq exists a.e.

and that f :“ limnÑ8 fn is again in L1pRq, but

lim
nÑ8

ż

R

fn ‰

ż

R

f

1


