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1. Let f ∈ L1(R), and let F (t) =
∫
R f(x) cos (tx) dx.

(a) Prove that F (t) is continuous for t ∈ R.
(b) Prove the following Riemann-Lebesgue Lemma:

lim
t→∞

F (t) = 0.

(Hint: Start by proving the statement for f = χ[a,b].)
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2. (a) Suppose that fk, f ∈ L2(E), with E a measurable set, and that

(1)

∫
E
fkg →

∫
E
fg as k →∞

for all g ∈ L2(E). If, in addition, ‖fk‖2 → ‖f‖2, show that fk converges to f in L2,
i.e. ∫

E
|fk − f |2 → 0 as k →∞.

(b) Provide an example of a sequence fk ∈  L2 and a function f ∈  L2 satisfying (1), but
such that fk does NOT converge to f in L2.
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3. A bounded function f is said to be of bounded variation on R if it is of bounded variation

on any finite sub-interval [a, b], and moreover A
def
= supa,b V [a, b; f ] <∞. Here, V [a, b; f ]

denotes the total variation of f over the interval [a, b]. Show that:

(a)
∫
R |f(x+ h)− f(x)| dx ≤ A|h| for all h ∈ R.

Hint: For h > 0 write∫
R
|f(x+ h)− f(x)| dx =

∞∑
n=−∞

∫ (n+1)h

nh
|f(x+ h)− f(x)| dx.

(b)
∣∣∫

R f(x)ϕ′(x) dx
∣∣ ≤ A, where ϕ is any function of class C1, of bounded variation,

compactly supported, with supx∈R |ϕ(x)| ≤ 1.
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4. (a) Prove the following Generalized Hölder Inequality : Assume 1 ≤ pj ≤ ∞, j =
1, . . . , n, with

∑n
j=1 1/pj = 1/r ≤ 1. If E is a measurable set and fj ∈ Lpj (E) for

j = 1, . . . , n, then
∏n

j=1 fj ∈ Lr(E) and∥∥∥∥∥∥
n∏

j=1

fj

∥∥∥∥∥∥
r

≤
n∏

j=1

‖fj‖pj .

(b) Use part (a) to show that if 1 ≤ p, q, r ≤ ∞, with 1
p + 1

q = 1
r + 1, f ∈ Lp(R), and

g ∈ Lq(R), then

|(f ∗ g)(x)|r ≤ ‖f‖r−pp ‖g‖r−qq

∫
|f(y)|p|g(x− y)|q dy.

(Recall that (f ∗ g)(x) =
∫
f(y)g(x− y) dy.)

(c) Prove Young Convolution Theorem: Assume that p, q, r, f, g are as in part (b). Then
f ∗ g ∈  Lr(R) and

‖f ∗ g‖r ≤ ‖f‖p‖g‖q.


