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MATH 544 - PROFS. GABRIELOV/NEUGEBAUER

Name:

Instructions. Standard notation is used throughout. In particular, R ={reals}, Iy =
[0, 1], and C(Iy), LP(Iy) are the common function spaces over Iy. For a measurable subset
A of R, let |A| denote the Lebesgue measure of A. All functions are assumed to be
measurable.

There will be 6 additional pages with a problem on each page. Use the space provided
for your solution of the problem.

1. Let f: Iy — R. Define for each positive integer n and x € Iy

wn(f; @) = sup{|f(tr) — f(tal : [x = t:] <1/n,t; € To, i = 1,2}

(i) Show that lim,, oo wy(f, ) exists. Call this limit w(f,z), the oscillation of f at
x € I.

(ii) Show that, if w(f,z) < oo for every z € Iy, then w(f, z) is bounded on Ij.
2. Let f € L'(Ip) and let N = {x : f(z) = 0}. Assume that |N| > 0. Show that

(/ |f|r)w S0
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as r N\, 0.
Hint: Apply Holder’s inequality to [ |f|"- 1.

. Let (X, M, 11) be a finite measure space. Show that f € L!(u) if and only if

Zu{w [ f(@)] > g} < oo

. Let f > 0bein L'(Iy) and let I, ; = [(j — 1)/2%,j/2F), j =1,--- 2k  If

fe@) = =[x, @)

k5l Jr,

show that fi — f in L!.

. Assume that {f,} is a sequence of absolutely continuous functions on I, which satisfies
fn — fin LY and {f/} is Cauchy in L'. Show that there exists f* absolutely continuous
on Iy such that f* = f a.e.

. Let F be a closed, nowhere dense subset of Iy and let
h(z) = a-|[0,2]\ F|, a=[l\F|™"

Show that
(i) h is a homeomorphism from Iy onto Ij.

(ii) h is absolutely continuous on Ij.

(iii) ™! is absolutely continuous on I if and only if |F| = 0.



