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Problem 1. Let φ be a continuous function on Rn with compact support, F ∈ C(Rn × (0,∞))
with compact support, a ∈ Rn \ {0}. Write an explicit formula for the solution of the non-
homogeneous Cauchy problem{

< a,∇u > +ut = F, in Rn × (0,∞),

u(x, 0) = φ(x), x ∈ Rn.
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Problem 2. Consider the matrix A =

2 0 0
0 3 0
0 0 1

.

a) The Fourier transform of the function f(x) = e−<Ax,x>, is

A. f̂(ξ, η, ζ) = 2π
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C. f̂(ξ, η, ζ) = π
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D. f̂(ξ, η, ζ) = π
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E. f̂(ξ, η, ζ) = π
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b) Using part a) solve the Cauchy problem{
div(A∇u)− ut = 0 in R3 × (0,∞),

u(x, 0) = φ(x), x ∈ R3,

where φ is a continuous function on R3 with compact support.
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Problem 3. Let Ω ⊂ R2 be the open set defined by

Ω =

(
(−4, 4)× (−4, 4)

)
\
(

[−1, 1]× [−1, 1]

)
.

Suppose that u ∈ C2,1(Ω), u ≤ 0, be such that

uxx − ut ≥ 0, in Ω.

If u(2, 0) = 0, determine the subset of Ω (possibly constituted only of the point (2, 0)) in which
the function u vanishes. Answers in the form a (correct) picture will be accepted.
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Problem 4. Let n ≥ 2, and consider the inversion Φ : Rn \{0} → Rn \{0} given by Φ(x) = x
|x|2 .

a) Prove that, given a > 0, Φ maps the half-space H+
a = {x = (x′, xn) ∈ Rn | xn > a}

onto the ball B((0, 1
2a), 1

2a) ⊂ Rn centered at the point (0, 1
2a) (here 0 ∈ Rn−1), and with

radius 1
2a .

b) Let f̃(x) = |x|2−nf( x
|x|2 ) be the so-called Kelvin transform of a function f . Compute the

Kelvin transform of the function f(x) = xn − a on H+
a .
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Problem 5.

a) Prove that for every α > 0 the function

f(x) =

∫
Sn−1

e−iα<x,ω>dσ(ω),

solves the equation ∆f + α2f = 0 in Rn.
b) Use part a) and separation of variables, to find an explicit (formal) solution to the Cauchy

problem {
∆u− utt = 0 in Rn × (0,∞),

u(x, 0) = f(x), ut(x, 0) = 0 x ∈ Rn.


