
Math 523
Qualifying Examination
August 7, 2012
Prof. N. Garofalo

Name.............................................

I. D. no. ..............................................

Problem Score Max. pts.
1 20
2 30
3 20
4 30
5 20

Total 120

Problem 1. Let φ be a continuous function on Rn with compact support, F ∈ C(Rn × (0,∞))
with compact support. Write an explicit formula for the solution of the non-homogeneous
Cauchy problem {

ux1 − 3uxn + ut = F, in Rn × (0,∞),

u(x, 0) = φ(x), x ∈ Rn.

Here, for i = 1, ..., n, we have set uxi = ∂u
∂xi

.
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Problem 2. Consider the matrix A =

1 0 0
0 2 0
0 0 3

.

a) The Fourier transform of the function f(x) = e−<Ax,x>, is

A. f̂(ξ, η, ζ) = 2π
3
2√
6
e−π

2(ξ2+2η2+3ζ2)

B. f̂(ξ, η, ζ) = π
3
2√
6
e
− π2√

6
(ξ2+2η2+3ζ2)

C. f̂(ξ, η, ζ) = π
3
2

6 e
−π2(ξ2+2η2+3ζ2)

D. f̂(ξ, η, ζ) = π
3
2√
6
e−π

2(ξ2+ η2

2
+ ζ2

3
)

E. f̂(ξ, η, ζ) = π
3
2

6 e
−π2(ξ2+ η2

2
+ ζ2

3
)

b) Using part a) solve the Cauchy problem{
div(A∇u)− ut = 0 in R3 × (0,∞),

u(x, 0) = φ(x), x ∈ R3,

where φ is a continuous function on R3 with compact support.
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Problem 3. Let f ∈ C2(Rn) be a solution of ∆f = |x|α, for some given α > 0. Let Mf (r) =
1

σn−1rn−1

∫
S(r) f(x)dσ(x), be the spherical mean of f over the sphere S(r) = {x ∈ Rn | |x| = r}.

1) Prove that

Mf (r) = f(0) +
rα+2

(α+ 2)(α+ n)
, r > 0.

2) Prove that there cannot exist C ≥ 0 and 0 < ε < α+ 2 such that

|f(x)| ≤ C(1 + |x|)ε, ∀x ∈ Rn.
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Problem 4. Let BR = {x ∈ Rn | |x| < R}.
a) Prove that if f ∈ C2(BR) is harmonic in BR and spherically symmetric (i.e., f(Tx) =

f(x) for every T ∈ O(n) and for every x ∈ BR), then f must be constant.
b) Is the same conclusion necessarily true if f ∈ C2(BR \ {0}) is harmonic in BR \ {0} and

spherically symmetric there?
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Problem 5.

1) Let Sn−1 = {ω ∈ Rn | |ω| = 1} be the unit sphere centered at the origin. Prove that the

function u(x, t) = ei
√
λtφ(x), where φ ∈ C∞(Rn) is defined by

φ(x) =

∫
Sn−1

ei
√
λ <x,ω> dσ(ω) , λ > 0 , x ∈ Rn ,

solves the wave equation �u = ∆u − utt = 0 in Rn+1. Here, dσ denotes the (n − 1)-
dimensional surface measure on Sn−1, and i2 = −1.

2) Find an explicit formula for u(x, t) when n = 3.


