Math 523

Qualifying Examination
August 7, 2012

Prof. N. Garofalo
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Problem | Score | Max. pts.
1 20
2 30
3 20
4 30
5 20
Total 120

Problem 1. Let ¢ be a continuous function on R™ with compact support, F' € C(R"™ x (0,00))
with compact support. Write an explicit formula for the solution of the non-homogeneous
Cauchy problem

u(z,0) = ¢(z), x€R™

Here, for i = 1,...,n, we have set u,, = %

{U:c1 —3Ug, +ur =F, inR" x(0,00),



A, f(€.0,C) = 22 e mHE T2

V6
B. f(&,n,0) = %6_%@2"'2”72-&-3{2)
C. f(g,n,g) = éeﬂz(ﬁﬁn%?’c?)
D. f(e.n.0) = The €4S
E. f(6,1,¢) = B e €+ +5)

b) Using part a) solve the Cauchy problem

div(AVu) —u; =0 in R3 x (0, 00),
U(.%',O) = ¢(x)v T e Rga

where ¢ is a continuous function on R? with compact support.
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Problem 3. Let f € C%(R™) be a solution of Af = |z|, for some given o > 0. Let M¢(r) =
ﬁ fS(r) f(z)do(z), be the spherical mean of f over the sphere S(r) = {x € R" | |z| = r}.

1) Prove that
ra+2

2) Prove that there cannot exist C' > 0 and 0 < € < o 4+ 2 such that
If(z)] < C(A+[z])°, VxeR™



4

Problem 4. Let Br = {x € R" | |z| < R}.
a) Prove that if f € C?(Bg) is harmonic in Bg and spherically symmetric (i.e., f(Tz) =
f(z) for every T' € O(n) and for every x € Br), then f must be constant.
b) Is the same conclusion necessarily true if f € C*(Bg \ {0}) is harmonic in Bg \ {0} and
spherically symmetric there?



Problem 5.
1) Let S"! = {w € R" | |w| = 1} be the unit sphere centered at the origin. Prove that the
function u(x,t) = eiﬁtcj)(m), where ¢ € C*°(R") is defined by

o(x) = / (VA <ww> do(w) , A>0, zeR",
Snfl

solves the wave equation Ou = Au — uy = 0 in R, Here, do denotes the (n — 1)-
dimensional surface measure on S*!, and i? = —1.
2) Find an explicit formula for u(z,t) when n = 3.



