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Problem 1. Let φ be a continuous function on Rn with compact support. Prove that if φ is
spherically symmetric, i.e. there exists φ∗ : [0,∞) → R such that φ(x) = φ∗(|x|), x ∈ Rn, then
the solution of the homogeneous Cauchy problem{

∆f − ft = 0, in Rn × (0,∞),
f(x, 0) = φ(x), x ∈ Rn,

is a function f(x, t) having spherical symmetry in the variable x ∈ Rn as well.
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Problem 2. Consider the function

f(x, t) =
∫ 1

0

t

t2 + (x− y)2
dy , (x, t) ∈ R2

+ = R× (0,∞) .

Motivating your answer decide which of the following statements is true:

A. f ∈ C1(R2
+), but f 6∈ C2(R2

+)

B. f ∈ C2(R2
+) and fxx + ftt = −2f in R2

+

C. f ∈ C2(R2
+) and fxx + ftt = −f in R2

+

D. f ∈ C2(R2
+) and fxx + ftt = 0 in R2

+

E. f ∈ C2(R2
+) and fxx + ftt = 2 in R2

+
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Problem 3. Let φ ∈ C(R3) be a function with compact support. Solve the Cauchy problem{
∆f − ∂f

∂x1
+ ∂f

∂x3
− ∂f

∂t = 0, in R3 × (0,∞),
f(x, 0) = φ(x), x ∈ R3.
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Problem 4. Let f ∈ C2(Rn) be a solution in Rn of the equation ∆f = |x|3. Prove that an
estimate such as

|f(x)| ≤ C (1 + |x|4+ε) , x ∈ Rn ,

is impossible for C ≥ 0 and 0 ≤ ε < 1.
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Problem 5. Solve the Cauchy problems:{
∆f − ftt = |x|2 in R3 × (0,∞),
f(x, 0) = 0, ft(x, 0) = 0 x ∈ R3.{

∆f − ftt = 0 in R3 × (0,∞),
f(x, 0) = 0, ft(x, 0) = 1B(0,R), x ∈ R3

where 1B(0,R) denotes the indicator function of the ball in R3 centered at the origin with radius
R > 0.


