MA-523 Qualifying Exam, January 2008

P. Bauman and P. Stefanov

Each problem is worth 20 points. Everywhere in this exam, 2 be a bounded domain (an open connected
set) in R" with smooth boundary.

1. Let u be a harmonic function in €, continuous in €.
(a) Show that if

u(z)] < Y Cox®, for all z € 99,

la]<1

and for some constants C,,, then the same inequality holds inside €2, as well (with the same constants).
(b) Show that the inequality

u(z)] < Y Cox®, for all z € 99, (1)
o] <2

does not necessarily imply that the same inequality (with the same constants) holds inside 2, as well. In

other words, show that for some choice of {Cq}|a|<2, the inequality (1) does not imply the same inequality
in Q.

2. (a) Prove that there is no more than one solution u € C%(Q) N C1(Q) to the Laplace equation with
Robin boundary conditions

—Au=f in Q,

@—i-au:h on 012,
v

where f and h are given functions, v is the outer normal to 02, and a > 0 is a given function.

(b) Let 2 = B(0, 1). Show that if « = —1, then there is no uniqueness.

3. Let u € C?*(Q x [0,00)) solve the following initial boundary value problem for the wave equation with
an absorption term

e +u = Au  forxzeQ,t >0,
ou/dv = 0 for x € 99, t > 0,
u = f(x) fort=0,
u = g(x) fort=0.

Here f and g are smooth functions with compact support, and v is the unit outward normal.
(a) Let

1

be the energy. Prove that
E(t) < E(0) for any t > 0.
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(b) Ts there uniqueness of the solution (in the class u € C?(Q x [0,00)))? Explain.
(¢) Solve the following one-dimensional version of this problem

Ut + U = Uppe TforO0<z<m, t>0,
ug(0,t) = uz(m,t) = 0 for t > 0,
u = cosx fort=0,
u = 0 for ¢t = 0.
4. Consider the equation
gy — Uyy — Sug + 4uy + 32 = 0. (2)

(a) Find the characteristic curves of the equation and perform a characteristic change of variables that
would reduce that equation to its canonical form.

(b) Using (a), find the general solution of (2).

(c) Find all points P on the parabola v := {(z,y); y = #?} with the property that there exists a solution
near P solving (1) and satisfying the conditions

uly = sin(z +y)  uyl, =z’

State clearly the theorem that you use.

5. Solve the problem

Uy + (22 + Duy +u®> = 0, >0, y>0,
u(z,0) = 0, x>0,
u(0,y) = vy, y>0.

Show that the solution u to the problem can be extended to the whole first quadrant = > 0, y > 0.



