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Problem 1. 1) Let Ω ⊂ Rn be an open set and consider a sequence {fk}k∈N, fk ∈ C2(Ω), of
harmonic functions in Ω such that 0 ≤ fk ≤ fk+1 and for which

f(x)
def
= sup

k∈N
fk(x) < ∞, for every x ∈ Ω.

Prove that f is harmonic in Ω.
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Problem 2. Let u be a solution of the initial value problem for the nonlinear equation{
ut + uux = 0 ,

u(x, 0) = x .

Find the region in the (x, t)-plane where the solution develops shocks (i.e., discontinuities).
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Problem 3. Use Fourier transform to solve the Cauchy problem{
uxx − utt = 0 , in R× (0,∞) ,

ut(x, 0) = 1 if |x| ≤ 1 , ut(x, 0) = 0 if |x| > 1 , u(x, 0) = 0.
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Problem 4. (i) Let Sn−1 = {ω ∈ Rn | |ω| = 1} be the unit sphere centered at the origin, and
define

φ(x) =
∫

Sn−1

ei
√

λ <x,ω> dσ(ω) , λ > 0 , x ∈ Rn ,

where, dσ denotes the (n − 1)-dimensional surface measure on Sn−1, and i2 = −1. Prove that
the function u(x, t) = e−λtφ(x), solves the heat equation Hu = ∆u− ut = 0 in Rn+1.

(ii) Let Ω ⊂ Rn be a bounded open set and suppose that u ∈ C3(Ω × (0,∞)) be a solution
to Hu = ∆u − ut = 0 in Ω × (0,∞). Prove that the function f = |Du|2 + u2

t cannot attain a
maximum at a point (x0, t0), with x0 ∈ Ω and t0 > 0, unless u ≡ constant in Ω× (0, t0).
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Problem 5. For x = (x1, ..., xn) ∈ Rn and a given function φ, indicate φxi = ∂φ
∂xi

, i = 1, ..., n.
Solve the non-homogeneous initial value problem{

φt + φx1 − φxn = 2t + |x|2, in Rn × (0,∞),
φ(x, 0) = x2

1 − x2
n, x ∈ Rn.


