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Problem 1. 1) Let Sn−1 = {ω ∈ Rn | |ω| = 1} be the unit sphere centered at the origin. Prove
that the function u(x, t) = ei

√
λtφ(x), where φ ∈ C∞(Rn) is defined by

φ(x) =
∫

Sn−1

ei
√

λ <x,ω> dσ(ω) , λ > 0 , x ∈ Rn ,

solves the wave equation ¤u = ∆u− utt = 0 in Rn+1. Here, dσ denotes the (n− 1)-dimensional
surface measure on Sn−1, and i2 = −1.

2) Find an explicit formula for u(x, t) when n = 3.
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Problem 2. Solve the Cauchy problem for the nonlinear equation{
ut + u2ux = 0 ,

u(x, 0) = x .

Find the region in the (x, t)-plane where the solution develops shocks (i.e., discontinuities).



3

Problem 3. Use Fourier transform to solve the Cauchy problem{
∆u− u− ut = 0 , in Rn × (0,∞) ,

u(x, 0) = 1 if |x| ≤ 1 , u(x, 0) = 0 , if |x| > 1 .
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Problem 4. Let

Ω =
{

(x, y, z) ∈ R3 | x2

36
+

y2

9
+

z2

25
< 1

}
,

and assume that u ∈ C2(Ω) solves the problem

(1)

{
∆u = −1 , in Ω ,

u = 0 , on ∂Ω .

Prove that
3
2
≤ u(0, 0, 0) ≤ 6 .
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Problem 5. Let Ω ⊂ Rn be a bounded open set of class C1, and b ∈ C1(Rn+1;Rn). Prove that
there exists a constant C = C(Ω, n) > 0 sufficiently small such that, if ||(div b)−||L∞(Rn+1) ≤ C,
then there exists at most one solution u ∈ C2,1(Ω× [0,∞)) to the problem{

∆u + < b, Du > − ut = 0 in Ω× [0,∞) ,

u(x, 0) = φ(x) , x ∈ Ω , u(x, t) = ψ(x, t) , (x, t) ∈ ∂Ω× (0,∞) .

Here, for a given a ∈ R, a+, a− respectively denote its positive and negative part, so that
a = a+ − a−.
Note: You can assume the validity of the Poincaré inequality∫

Ω
f(x)2dx ≤ C∗(n)(diam Ω)2

∫

Ω
|Df |2dx ,

where C∗(n) > 0 depends only on the dimension n, and f is an arbitrary function in C1(Ω) such
that f = 0 on ∂Ω.


