QUALIFYING EXAMINATION
JANUARY 2001
MATH 523 — Prof. Cai

1. (20pts) Solve the initial value problem

ou ou
{.’I;U%—a—y = O,

u(z,0)

2. (20pts) For n = 2 dimensions, let
L 2
v=—rlogr, r=lz—-¢, =z¢€R.
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(a) Show that A%y =0 for r > 0.
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Hint: A=—+ - S——— d Av=—"--
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(b) Show that for u € C*(Q2) and & €

A A
u(f):/QvAzudx—/m< 0 U—Au@jLAv@— M)dS.
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[Hint: Use Green’s identity [, vAudz = [o uAvdz+ [5q (v% - u%) dS with u replaced
by Au where Q, = Q\ B(, p) and B(§, p) is a disk centered at £ with radius p.]|

(c) Show that v is a fundamental solution for the operator AZ?.

3. (20pts) Let Q be a bounded domain in R™ with smooth boundary 02 and let n be the
outward unit vector normal to the boundary. Prove that the following problem has unique

solution in C?(Q) N C°(Q):

Au = f in €,
g—z +0u = g on 0f)
ou

where 2" stands for the outward normal derivative, 3 is a positive number, and f and g

are sufficient smooth.



4. (20pts) Use Hadamard’s method of descent to derive an explicit formula of the solution
for two-dimentional wave equation
% —Au = 0 in R?x R,
u(xz,0) = f(z) in R?
%u(z,0) = g(z) in R~

[Hint: The explicit formula for three-dimensional wave equation is

u(a, 1) = — o) ds, + 2 (# ) dsy) ]
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5. (20pts) Let w be an open bounded set of R", for a fixed T > 0 let
Q={(z,t)|zrew, 0 <t <T},
and denote the “lower” boundary by
Q= {(z,t)]|either z € dw, 0 <t < T or z € w, t = 0}.

Assume that u € C°(Q), u; € C°(Q), and uy,,, € C°(Q) for i,k =1,...,n, and & —Au < 0.
Prove that

max u = maxu.
Q o'



