
MA 519 Fall 2020

Qualifier

• You can use a calculator.
• This test is closed book and closed notes.
• You have 120 minutes.
• All problems have equal weight [10 points for each].
• Show your work.
• In order to get full credits, you need to give correct and simplified answers and

explain in a comprehensible way how you arrive at them.
• Covid precaution: if you have questions about the exam, write them on a separate

piece of paper and leave it on a dedicated table.
• Good luck!
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Problem 1. A group of individuals containing b boys and g girls is lined up in random
order; that is, each of the (b+g)! permutations is assumed to be equally likely. What is the
probability that the person in the ith position, namely 1, . . . , i, . . . , b+g, is a girl? Be sure
to define the sample space S corresponding to this experiment, as well as the probability
P you are using on this sample space. Also include a mathematical description of the
event you are considering as a subset of S.
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Problem 2. Suppose we have 10 coins such that if the ith coin is flipped, heads will
appear with probability i/10, for i = 1, 2, . . . , 10. When one of the coins is randomly
selected and flipped, it shows heads. What is the conditional probability that it was the
fifth coin?
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Problem 3. A restaurant can serve 75 meals for lunch. In practice, 20% of the reserva-
tions are canceled without further notice. (a) Model the situation, introducing a proper
probability space and a family of random variables. (b) What is the maximal number of
reservations which can be accepted in order to have a 90% chance to serve all incoming
customers?
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Problem 4. Let U and V be two independent real valued random variables, with re-
spective densities f and g. (a) Show that the density of Z = U + V is f ? g, where
f ? g(x) =

∫
R f(x − t)g(t)dt. (b) Let T1, . . . , Tn be exponential random variables with

parameter λ. Using question (a), compute the density of Sn = T1 + · · ·+ Tn.
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Problem 5. (a) Let Y be a real valued continuous random variable. Prove that

E[Y ] =

∫ ∞
0

P (Y > y) dy −
∫ ∞
0

P (Y < −y) dy.

(b) For a non negative continuous random variable, variable prove that

E [Xn] = n

∫ ∞
0

xn−1P (X > x) dx.
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Problem 6. (a) Let Z be a standard normal variable. Show that Y = Z2 follows
Gamma(1

2
, 1
2
).

(b) Consider X, Y respectively distributed as Gamma(α, λ) and Gamma(β, λ). Assume
X and Y are independent. Show that X + Y follows Gamma(α + β, λ) .
(c) Let {Xi : i = 1, . . . , n} be i.i.d standard Normal random variables. Using the above
questions (a) and (b), show that Y =

∑n
i=1X

2
i follows a χ2 distribution with degree of

freedom n.
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Values of Φ(x) for some x ≥ 0


