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Extreme Learning Machines

Extreme Learning Machines are neural networks with one
hidden layer where the training is only carried out on the
weights in the output. The weights before the
activation/sigmoidal functions are generated randomly are left
unchanged.



Approximation by ridge functions

We consider approximating functions f(x) for
x € [-1,+1]™ = J™ by functions in

Viyy := span {X»—><p(WTX) | o€ C(R), w e W}

for W a specific subset in R™.
Questions:
» For what sets W is Vyy dense in C(J™)?

» If Vyy is not dense in C(J™), how well can we approximate
(nice) functions by functions in V),?



General framework

We work in a Banach space X; the approximating functions
form a subspace V C X.

If V = X then every object in X can be approximated (arbitrarily
well) by elements of V.

But if V # X, then for every ¢ > 0 there are functions 0 # f € X
where infgcy || — gllx > (1 —€) ||f]|x- So

sup inf ||[f—g|x is either O or 1.
| fllx=19<V



Choose a Banach subspace Z compactly embedded in X and
we look determine

m(V;Z,X)= sup inf|f—gly.

il z=19€Y
In our case we use:
» X =C(J")
» V= VW
» Z = Lip(J™), the space of Lipschitz functions with
semi-norm
1= sup =)

xyedn X =Yl

(We can quotient out constant functions since V), always
contains these.)



We say f € X is unapproximable by V if
Iflx <If—gllx foralige V.

Forany f € X if h € V is the closest pointin V to f then f — his
unapproximable by V.

The existence of a closest point is assured if X is a reflexive
Banach space, but generally false otherwise.



Separating Hyperplane Theorem

Theorem: If C C X is closed and convex and y ¢ C, then there
isapue X and b € R where

(Ysm)+b>0
(z,p)+b<0 forallzeC

Specifically, if C is a closed subspace of X, then v satisfies

(z, i)y =0 forall z € C.



Cybenko’s universal approximation result

George Cybenko’s paper from 1989 shows that if (for example)
o(u) = tanh(u) then

span{x — o(W'Xx+b)|weR" beR} =C(J").

The proof uses the Separating Hyperplane Theorem

Note: C(J™) = M(J™), the space of signed Borel measures
on J™ with bounded variation and (g, ) = [ g(x

For the 1 in the Separating Hyperplane Theorem
/a(awa +b)du(x)=0 foralla,beR

so we can show that

0= pu"(F) ::p,<{x\ WTXGF}) for all Borel F C R.



Fourier Transforms

A Borel measure p with bounded variation has a Fourier
Transform

~ _jeT
) = / e X d(x).
Note that for the i from the SHT
i(sw) = /R e dy(x)

— [ et dun(t) = () =0,
R

For Cybenko’s result, this is true for all w € R™ so 1(&) = 0 for
all ¢, and so i = 0 contradicting the SHT.

Thus there is no f in C(J™) that is not in

span{x — o(Wx+b) [ wecR™ beR}



What about specific (finite) WW?

What about spans of ridge functions
Wiy = span {X*—Mp(WTX) | ¢ € C(R), weW} ?

We can get lower bounds on how badly a Lipschitz function f
can be approximated by Vjy as follows: Pick a measure p with
support in J™ where " = 0 for every w € W. Then look for a
function f where (f, p) = ||f|| ||l o # O-

The measure p has to satisfy u(tw) =0 for all t € R and
wew.



Example: W = {ey, e>}.
The Fourier transform ji(teq) = ji(tex) =0 forall f € R.

Since the Fourier transform of 6y = §(- — v) is
5v(€) = exp(—itTv), so we look for fi(¢) that involves complex
exponentials exp(—i¢” v) for v e J7.

Note: (&) is complex analytic everywhere (entire) so we can
look for Taylor series. So...

p€) =cér&e -

We can put i(§) = (e~ — etié1) (e7/%2 — etié2), (c = (—20)?).
Here 1 is a sum of é-functions at (xq, x2) with each x; = +1,
and the weights at each of these points is xq x.



@ supp ., @=supp .,




Now we need to find a function f with, say, ||f|., = 1 and

(f, 1) = 1Fll oo [l el] ps-

Since p is a sum of (scaled) 5-functions, we can choose

f(v) = +1 at each of these points, choosing the sign of f(v) to
match the sign of the scaling of the associated §-function.

We can put f(xy, X2) = X1 X2

Note that this f is Lipschitz with Lipschitz constant v/2.



In general: if A= supp u+ and B = supp n— we have a
Lipschitz function f where f(x) = +1 for x € supp p+ and
f(x) = —1for x € supp p—_:

_d(x,B)—d(x,A)
X) = 4x.B) T d(x. A)




Non-trivial lower bounds

What if there are many vectors in W? How many do we need to
get a reasonable approximation?

Choose

Zy L{z1, . 2k Wy, o Ws(kg1)—1 )
where s(k+1)=s(k)+ m—1—kfork=1,2,...,m—2. Put

m—1

=c (exp —iz[¢) —exp(+/zk£)> Yo}
k=1

u==c Z (H Uk> 5227;11 UkZk”

ue{£1}m!



Choose ||zk||, = 1/vm — 1 sothat ||}, ukzk||,, < 1 forall
ue {£1}m "

suppu+:{2ukzk]ue{i1}’"‘1 & #{k| ux >0} iseven}

K

suppu_:{z:ukz”ue{jﬂ}m1 & #{k | ux >0} isodd}
K

Thus given W with [W| < m(m — 1) there is a function f of
Lipschitz constant vm — 1 with ||f|| ., = 1 thatis
unapproximable by span {x — p(w'x) | ¢ € C(R), w € W}.



